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Abstract
A lattice model for strongly interacting electrons motivated by a rank-3 tensor model
provides a tool for understanding the pairing mechanism of high-temperature superconduc-
tivity. Within the framework of this SYK-like model, our calculation indicates that the
superconducting gap ratio in this model is higher than the ratio in the BCS theory due to
the coupling term and the spin operator. Under certain condition, the ratio also agrees with
the BCS theory. Our results may pave the way to gaining insight into the cuprate high
temperature superconductors.
1 Introduction
The Sachdev-Ye-Kitaev (SYK) model is a disordered and strongly-coupled quantum system
composed by N Majorana fermions with Gauss distribution random [1, 2, 3]. The connection
between the SYK model and the gravity theory with a near-horizon AdS2 geometry could
be obtained in [4, 5, 6]. Various applications of SYK model have been presented, such as
topological SYK model [7], SYK-like models [8, 9, 10, 11, 12, 13, 14], transport [15, 16, 17, 18],
SYK spectral density [19, 20, 21, 22, 23, 24], supersymmetric SYK model [25, 26, 27, 28, 29],
quantum choas [6, 30], the higher dimensional generalization [31, 32, 33, 34] and the bulk
gravity dual of SYK models [35, 36, 37, 38, 39].
Recently, it was found that the SYK model could be a powerful method to study su-
perconductivity. Actually, the conventional superconductors can be described by the BCS
theory. However, the BCS theory is not capable of explaining the high temperature super-
conductor. There are some progresses on high-temperature superconductivity within the
framework of SYK dots [40, 41, 43, 44]. The single particle phase has been investigated [55].
There is a finite-temperature crossover to an incoherent metallic (IM) and non-fermi liquid
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(NFL) in some lattice model [40, 45]. The SYK model realizes a gapless non-fermi liquid,
and it violate the ratio between the zero temperature gap and the critical temperature which
predicted by BCS mean-field theory [41].
Unlike the BCS superconductivity theory, there is no quasiparticle description in the
SYK model. However, we can still imagine a pairing mechanism existing on a “small”
Fermi surface. Although the SYK model describes a non-Fermi liquid state, it actually
has marginally relevant paring instability just like the ordinary Fermi liquid state in some
previous works [46, 47]. Naturally, we could try to investigate a SYK-like theory which
is analogous to the condensation of Cooper pair of the ordinary Fermi liquid below the
Debye energy. The Debye frequency or the Debye energy is a cut-off frequency or energy
for a crystal lattice. As a candidate theory, in [48], the authors propose a lattice model
for strongly interacting electrons motivated by the recently developed ”tetrahedron” rank-
3 tensor model that mimics much of the physics of the SYK model (See more details in
[49, 50, 51]). The single particle Green’s function of this lattice model in large N limit is
identical to the disorder-averaged Green’s function of the SYK model. Moreover, the scaling
behavior of this model in the large N limit may still apply for finite N [48]. The lattice model
leads to a fermion pairing instability just like the BCS instability. It is natural to study the
gap equation and the superconducting gap ratio.
Motivated by these facts, we intend to explore the pairing mechanism of high-temperature
superconductivity via this 2 + 1-dimensional lattice model for strongly interacting electrons.
The paper is organized as follows, in section 2, we construct symplectic group singlet pairs
between fermions in the transverse momentum space and the corresponding microscopic
model. Then, we derive equations for the correlation functions. In section 3, we investigate
the gap function, the transition temperature and the ratio. We also evaluate the influence of
the attractive K term and spin ~S term, and compare our results with the BCS theory. The
section 4 is the summary and discussion.
2 SP(N) singlet pairs and the microscopic model
In this section, we construct singlet pairs between only two sites and briefly review the
microscopic lattice model. We first introduce a 2M-component fermion basis on site 1 and
site 2,
Ψ =
(
c1,α, c
†
2,α
)T
. (1)
The 2M × 2M Green’s function matrix is given by
− < TτΨ(τ)Ψ†(0) >=
(
− < Tτ c1,α(τ)c†1,β(0) > − < Tτ c1,α(τ)c†2,β(0) >
− < Tτ c2,α(τ)c†1,β(0) > − < Tτ c2,α(τ)c†2,β(0) >
.
)
Then we consider a general dimer of site (i, j). Here ∆i,j = Jαβci,αcj,β is a Sp(M) spin
singlet fermion pairings on nearest neighbor links < i, j >. Motivated by the observation
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that the symplectic group SP(N) allows fermions to form singlet pairs [52, 53], we define
Gi,i(τ) = − < Tτδαβci,α(τ)c†i,β(0) > , (2)
Fi,j(τ) = < TτJαβci,α(τ)cj,β(0) > , (3)
F†i,j(τ) = < TτJαβc†i,α(τ)c†j,β(0) > . (4)
It is similar to the cooper pair in the neighbor site < Tτ c−~p,↑(τ)c~p,↓(0) >. The creation
operator in Fourier space is c†j,α =
∑
p e
ij·pc†α,p. Thus, the Fourier transformations of the
pair are
cj,α(τ)c
†
j,β(0) =
∑
p,p′
e−ij·(p−p
′)cp,α(τ)c
†
p′,β(0) , (5)
ci,α(τ)cj,β(0) =
∑
p,p′
e−i(i·p+j·p
′)cp,α(τ)cp′,β(0) , (6)
c†i,α(τ)c
†
j,β(0) =
∑
p,p′
ei(i·p+j·p
′)c†p,α(τ)c
†
p′,β(0) . (7)
Here i = (ix, iy) and p = (px, py). By introducing the momentum and the hopping term, we
modify the interacting electron Hamiltonian in [48] as follows,
H =
∑
~q~p~p′
U˜(~p)c†σ,~qcσ,~q+~p′c
†
γ,~pcγ,~p−~p′ +
∑
~p
ξ~pc
†
~p,σc~p,σ
− 1
4
J
∑
~p,~q
c†~p,σc~p,σc
†
~q,γc~q,γ +
1
2
J
∑
~p,~q
c†~p,ασαβc~p,βc
†
~q,βσβαc~q,α
+K
∑
~q~p~p′
(
αβγσc
†
α,~p+~qc
†
β,~p′−~qcγ,~p′cσ,~p +H.C.
)
. (8)
We have set the volume υ = 1 for simplification. nˆi = nˆi,↑+ nˆi,↓ is the total electron number
on site i. ~Si =
1
2c
†
i~σci =
1
2c
†
i,ασαβci,β is the spin operator, and
~Si · ~Sj = 12 ~Sαβ,i~Sβα,j . ξq is the
energy of the single particle which hoppings between the two sublattices as perturbations.
K satisfies
K
{
< 0, |ξq| < ωD
= 0, |ξq| > ωD
Here ωD is the Debye energy. The term with the coupling K takes a spin singlet pair of
electrons on two diagonal sites j, j + xˆ+ yˆ of a plaquette to the two opposite diagonal sites
j + xˆ, j + yˆ of the same plaquette. When U˜ = K = ±J/2, the interacting electron model in
[48] is equivalent to a tetrahedron model with three indices: the Sp(M) spin, the x coordinate,
and y coordinate.
g
NaNbNc
Jc1c1′Jc2c2′c
†
a1b1c1c
†
a2b2c1′ca1b2c2ca2b1c2′
∼ gηr,r′
N
√
M
JαβJγσc
†
jx,jy,αc
†
jx+r,jy+r′,βcjx,jy+r′,γcjx+r,jy,σ ,
where g is the same order as the coupling J . The total symmetry of this model is U(Na)×
U(Nb)× Sp(Nc).
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3 The gap function and the transition temperature
As we are going to evaluate the gap ratio, let us first consider the time development
d
dτ
cα,~p(τ) =
[
H, cα,~p
]
= −2
∑
~q,~p′
U˜c†σ,~qcσ,~q+~p′cα,~p−~p′ +
J
2
cα,~pc
†
γ,~qcγ,~q
− ξ~pcα,~p − Jσαβcβ,~p ~˜S + 4K
∑
~q,~p′
αβγσc
†
β,~p′−~qcγ,~p′cσ,~p−~q , (9)
d
dτ
c†α,~p(τ) =
[
H, c†α,~p
]
= 2
∑
~q,~p′
U˜c†σ,~qcσ,~q+~p′cα,~p−~p′ −
J
2
cα,~pc
†
γ,~qcγ,~q
+ ξ~pc
†
α,~p + Jσβαc
†
β,~p
~˜S + 4K
∑
~q,~p′
γβασcγ,~p′+~qc
†
β,~p′−~qcσ,~p′ . (10)
(11)
Here ~˜S = 12
∑
~q c
†
~q,ασαβc~q,β and ~q = (0, p
′
y − py). The equations for the correlation functions
G(~p, τ) = − < Tτδαβcp,α(τ)c†p,β(0) > ,
F†(~p, τ) = < TτJαβc†p,α(τ)c†−p,β(0) > ,
are determined by
∂
∂τ
G(~p, τ) = −δ(τ)− < Tτδab
[ ∂
∂τ
c~p,a(τ)
]
c†~p,b(0) > (12)
∂
∂τ
F†(~p, τ) = < TτJab
[ ∂
∂τ
c†~p,a(τ)
]
c†−~p,b(0) > (13)
Combined with the results (9)(10) and the gap function
∆(~p) = −4
∑
~q
KF†(~p− ~q, τ = 0) , (14)
the derivative of the equation for the correlation function after Fourier transforming is given
as,
(ipn − ξp)G(~p, ipn) + ∆(~p)F†(~p, ipn) + J < Tτσaβc~p,β ~˜Sc†~p,a >
+ 2
∑
~q,~p′
U˜c†σ,~qcσ,~q+~p′ca,~p−~p′c
†
a,~p −
J
2
∑
~q
ca,~pc
†
γ,~qcγ,~qc
†
a,~p = 1 , (15)
(ipn + ξp)F†(~p, ipn) + Jabab∆†(~p)G(~p, ipn) + J < TτJabσβac†~p,β ~˜Sc†−~p,b >
+ 2
∑
~q,~p′
JabU˜c
†
σ,~qcσ,~q−~p′ca,~p+~p′c
†
b,−~p −
J
2
∑
~q
Jabca,~pc
†
γ,~qcγ,~qc
†
b,−~p = 0 . (16)
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After the combination of the two equations, we simplify the final results as follows,
G(~p, ipn) = −
[
p2n + ξ
2
p + ∆(~p)Jabab∆
†(~p)
]−1
[
∆(~p)
(
J < TτJabσβac
†
~p,β
~˜Sc†−~p,b > +2
∑
~q,~p′
JabU˜c
†
σ,~qcσ,~q−~p′ca,~p+~p′c
†
b,−~p
− J
2
∑
~q
Jabca,~pc
†
γ,~qcγ,~qc
†
b,−~p
)
+ (ipn + ξp)
(
1− J < Tτσαβc~p,β ~˜Sc†~p,α >
− 2
∑
~q,~p′
U˜c†σ,~qcσ,~q+~p′ca,~p−~p′c
†
a,~p +
J
2
∑
~q
ca,~pc
†
γ,~qcγ,~qc
†
a,~p
)]
(17)
F†(~p, ipn) =
[
p2n + ξ
2
p + ∆(~p)Jabab∆
†(~p)
]−1
[
(ipn − ξp)
(
J < TτJabσβac
†
~p,β
~˜Sc†−~p,b > +2
∑
~q,~p′
JabU˜c
†
σ,~qcσ,~q−~p′ca,~p+~p′c
†
b,−~p
− J
2
∑
~q
Jabca,~pc
†
γ,~qcγ,~qc
†
b,−~p
)
+ Jabab∆
†(~p)(1− J < Tτσαβc~p,β ~˜Sc†~p,α >
− 2
∑
~q,~p′
U˜c†σ,~qcσ,~q+~p′ca,~p−~p′c
†
a,~p +
J
2
∑
~q
ca,~pc
†
γ,~qcγ,~qc
†
a,~p
)
)
]
(18)
By inserting (18) into
∆(~p) = ∆†(~p) = −4
∑
~q
KF†(~p− ~q, τ = 0) = −4
∑
~q,pn,qn
KF†(~p− ~q, ipn − iqn) , (19)
we obtain the equation for the gap function, which is
∆(~p) = −4
∑
~q,pn,qn
K
[
(pn − qn)2 + ξ2p + Jabab
(
∆(~p− ~q))2]−1
[
(ipn − iqn − ξp−q)
(
J < TτJabσβac
†
~p−~q,β ~˜Sc
†
−~p+~q,b > +2
∑
~q,~p′
JabU˜c
†
σ,~qcσ,~q−~p′ca,~p+~p′c
†
b,−~p
− J
2
∑
~q
Jabca,~pc
†
γ,~qcγ,~qc
†
b,−~p
)
+ Jabab∆(~p− ~q)
(
1− J < Tτσαβc~p−~q,β ~˜Sc†~p−~q,α >
− 2
∑
~q,~p′
U˜c†σ,~qcσ,~q+~p′ca,~p−~p′c
†
a,~p +
J
2
∑
~q
ca,~pc
†
γ,~qcγ,~qc
†
a,~p
))]
(20)
We define the excitation energy of the superconductor as
Ep−q =
√
ξ2 + Jabab(∆(~p− ~q))2 . (21)
The summation over i(pn − qn) is evaluated by the contour integral∮
dz
2pii
nF (z)
∆†(~p− ~q)
z2 − E2p−q
,
∮
dz
2pii
nF (z)
z − ξp−q
z2 − E2p−q
, (22)
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and the poles of Fermi distribution nF (z) =
1
nβz+1
gives the summation over z = i(pn− qn).
Since ∆2Ep
e−βEp−eβEp
2+e−βEp+eβEp =
∆
2Ep
tanh(
βEp
2 ), now the gap function is
∆(~p) =
∑
~q
f(~q) = 4
∑
~q
[
−KJabab
(
1− J < Tτσαβc~p−~q,β ~˜Sc†~p−~q,α >
− 2
∑
~q,~p′
U˜c†σ,~qcσ,~q+~p′ca,~p−~p′c
†
a,~p(0) +
J
2
∑
~q
ca,~pc
†
γ,~qcγ,~qc
†
a,~p
))
tanh(
βEp−q
2
)
∆(~p− ~q)
2Ep−q
−K
(
J < TτJabσβac
†
~p−~q,β ~˜Sc
†
−~p+~q,b > +2
∑
~q,~p′
JabU˜c
†
σ,~qcσ,~q−~p′ca,~p+~p′c
†
b,−~p
− J
2
∑
~q
Jabca,~pc
†
γ,~qcγ,~qc
†
b,−~p
)(
Ep−q − ξp−q tanh(βEp−q
2
)
)
1
2Ep−q
]
. (23)
It is convenient to change the summation to an integration∑
~q
f(~q) =
∫
d3q
(2pi)3
f(~q) = NF
∫ ωD
−ωD
dξf(ξ) , (24)
where we have approximately substituted the constant Nf for density of states near the
Fermi surface. Taking the zero temperature limit β = 1/T →∞, we obtain
∆(~p) = −4KNF
[
Jabab
(
1− J < Tτσαβc~p−~q,β ~˜Sc†~p−~q,α > −2
∑
~q,~p′
U˜c†σ,~qcσ,~q+~p′ca,~p−~p′c
†
a,~p
+
J
2
∑
~q
ca,~pc
†
γ,~qcγ,~qc
†
a,~p
)
∆
2
ln(ξ +
√
Jabab∆2 + ξ2)|ωD−ωD +
(
J < TτJabσβac
†
~p−~q,β ~˜Sc
†
−~p+~q,b >
+ 2
∑
~q,~p′
JabU˜c
†
σ,~qcσ,~q−~p′ca,~p+~p′c
†
b,−~p −
J
2
∑
~q
Jabca,~pc
†
γ,~qcγ,~qc
†
b,−~p
)
ωD
]
. (25)
Since ∆ is constant and ln(ξ+
√
Jabab∆2 + ξ2)|ωD−ωD ≈ 2 ln( 2ωD√Jabab∆ ), (25) leaves the equa-
tion for the energy gap
∆ = −4KNF (A∆ ln( 2ωD√
Jabab∆
) + ωDB) , (26)
A = Jabab
(
1− J < Tτσαβc~p−~q,β ~˜Sc†~p−~q,α > −2
∑
~q,~p′
U˜c†σ,~qcσ,~q+~p′ca,~p−~p′c
†
a,~p +
J
2
∑
~q
ca,~pc
†
γ,~qcγ,~qc
†
a,~p
)
(27)
B = J < TτJabσβac
†
~p−~q,β ~˜Sc
†
−~p+~q,b > +2
∑
~q,~p′
JabU˜c
†
σ,~qcσ,~q−~p′ca,~p+~p′c
†
b,−~p −
J
2
∑
~q
Jabca,~pc
†
γ,~qcγ,~qc
†
b,−~p
(28)
We set ωD = 1 to fit the gap, and choose a small correction for spin operator. In BCS theory
(i.e. A = 1, B = 0), the energy gap for K = − 14V0 is ∆ = 2ωDe−1/V0NF at zero temperature
(V0 > 0). −V0 is the attractive and constant potential in BCS theory. Equation (26) could
be numerically calculated and the result is shown in Figure 1 (Here we have neglected the
effect of B term due to the following analysis on Tc). We could conclude that the energy gap
in the ”tetrahedron” model is higher than the BCS energy gap represented by red line when
U = K = −J/2.
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Figure 1: The relation between the gap ∆ and the coupling −5 < K < 1/2 with different
S =< Tτσαβcβ,~p−~q ~S~p−~qc
†
b,~p−~q(0) >= 0, 0.01, 0.05 represented by red, blue, green respectively.
The figure on the left corresponds to the case of U = K = J/2. The figure on the right
corresponds to the case of U = K = −J/2. The gap changes abruptly when K goes from
negative to zero.
Furthermore, we know ∆(T = Tc) = 0 at the transition temperature Tc. Then, (25)
becomes
1 = −4KNF
∫ ωD
−ωD
dξ
[
A
2ξ
tanh
( ξ
2T
)
+
B
2∆→ 0
(
1− tanh ( ξ
2T
))]
. (29)
Using the Euler integral formula, we obtain the the transition temperature as approximately
as follow
Tc = 1.13ωDe
1/(4KNFA) . (30)
Since we have required that (29) must be regular, it yields
A = Jabab
(
1− J < Tτσαβc~p−~q,β ~˜Sc†~p−~q,α >
)
, B = 0 . (31)
We notice that the critical temperature is Tc = 1.13ωDe
−1/V0NF in the BCS theory. While
our solution of Tc is modified by K and < Tτσαβc~p−~q,β ~˜Sc
†
~p−~q,α >. We plot the the transition
temperature Tc as a function of the coupling K of the SYK-like term in Figure 2. The
transition temperature decrease as K increase. K is the SYK-like coupling. As to the
energy gap, the transition temperature diverges as K goes from negative to zero.
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Figure 2: The figure shows the relation between the transition temperature Tc and−5 < K < 1/2
in the case of U = K = ±J/2. The transition temperature changes abruptly when K goes from
negative to positive.
Now we have both the energy gap and the transition temperature. The ratio of these
two results is 2∆Tc = 3.5 in the BCS theory. When
2∆
Tc
> 3.5, it is the case of strong coupling.
As we know, the energy gap and the critical temperature are dependent on the coupling V0,
while 2∆Tc is independent on V0 in the BCS theory. Since the ratio
2∆
Tc
is dependent on the
coupling K in the “tetrahedron” model. It is interesting to show the numerical evaluation of
2∆
Tc
in Figure 3.
Figure 3: The dependence of 2∆Tc on K and S. The figure on the left shows that the ratio decrease
as K decrease and S increase in the case of U = K = J/2. The figure on the right shows that
the ratio increase as K decrease and S increase in the case of U = K = −J/2.
When < Tτ ...c
†Sc† >= 0.05,K = −J/2 = −5, 2∆Tc ≈ 5. If < Tτ ...c†Sc† > vanishes, the
ratio 2∆Tc = 3.5 in the “tetrahedron” model (K < 0) is always the same as the ratio in the
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BCS theory (K = 1). In other words, the ratio is independent of the coupling K in such
case.
4 Conclusion and discussion
In this paper, we attempt to understand the pairing mechanism of high-temperature super-
conductivity in a SYK-like model. Sp(N) singlet pairing operator is proposed. Equations for
the correlation functions are derived. Our analysis shows how the superconducting gap, the
transition temperature and the ratio change with the coupling K and spin < Tτσc
†Sc† >.
Specially, our results could return to the BCS theory if < Tτσc
†Sc† >= 0.
There are still some subtle issues. Firstly we focus on the spinor operator, but its quantum
contributin is not considered. Actually, the single particle Green’s function in the large N
limit is identical to the disordered averaged Green’s function of the SYK models [48, 54].
The full Green’s function and the current vertex of the translational invariant model with
random interaction terms could be solvable in the large N limit [45]. Thus, in the SYK
model at large N limit, the quantum contribution to (27)(28) of the rank-3 tensor model can
be summed analytically. Secondly our calculation may be not applied in the large N limit,
due to the long range interaction between lattices. Although we could not generalize our
calculations to large N limit, enhancement of the gap ratio is still seen in the model at large
N limit [41]. In some holographic superconductors, the gap ratio increases as well [42]. Two
lattice models are proposed with on-site SYK interactions exhibiting a transition from an IM
to an s-wave superconductor in [41]. On the other hand, [48] also argue that the correction
to the NFL solution in this model is suppressed rapidly with increasing N. Therefore, our
results without so large N shows a qualitatively agreement.
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